In this paper we present a Hamiltonian formulation of multisymplectic type of an invariant variational problem on smooth submanifold of dimension p in a smooth manifold of dimension n with p < n.
Introduction
Let M be a smooth manifold of dimension n and N be an oriented smooth submanifold of dimension p in T x M, for x ∈ M. We study the case n = 3 and p = 2 in details and consider generalizations. Let Σ be an oriented surface in M, in each M ∈ Σ, denote by P the tangent plane. We define the Grassmannian as the set of all these elements. We define the 2-form areolar action ℓ homogenous of degree zero in y and we denote by L a lagrangian homogenous of degree one in y such that dL dy = ℓ. For some basis (u 1 , u 2 ) of P , and (θ 1 , θ 2 ) the dual basis, we define the action
We use notions of mechanics and we construct the multisymplectic type of Hamiltonnian formulation. We prove that this description is conserved by graphs by comparison with the presentation of Cartan in [3] . Finally we study this for n > 3 and p < n.
We denote by π Gr 2 M : Gr 2 M −→ M the canonical projection. Let x = (x 1 , x 2 , x 3 ) be a local coordinates on M and Let (u 1 , u 2 ) be a direct basis of E, and (x 1 , x 2 , x 3 ; y 12 , y 23 , y 31 ) the coordinates on Λ 2 T M where y 12 Remark 1.2. We consider the 3-form ω := dx 1 ∧ dx 2 ∧ dx 3 . We have:
1. The kernel of u ω is the plane E.
Gr
We deduce that the homogeneous coordinates on the Grassmannian bundle over M are (x; y) := (x 1 , x 2 , x 3 ; [y 12 : y 23 : y 31 ])
Let M be a differential manifold and n ∈ N, we say that a (n + 1)-form Ω in M is multisymplectic if we have
Any manifold M equiped with a multisymplectic form Ω is called a multisymplectic manifold. 
Lagrangian formulation
Definition 1.5. A 2-form areolar action is a 2-form ℓ on Gr 2 M, which can be written
where ℓ 12 (x, y), ℓ 23 (x, y) and ℓ 31 (x, y) are homogeneous of degree 0 in y over ]0, +∞[.
2. L is homogeneous of degree 1 in y over ]0, +∞[.
represent "the infinitesimal area" of the parallelepiped formed by u 1 and u 2 .
Denote by Σ an oriented surface in M, let (u 1 , u 2 ) be a moving basis on Σ and (θ 1 , θ 2 ) its dual basis, we define We deduce that the inner product by
with condition y αβ + y βα = 0.
The action (1) given,
Hamiltonian formulation (multisymplectic)
We write the Legendre transform function by
We consider a Hamiltonian function by
where y is a solution of 
Proof. The Lagrangian L is class C 1 over Λ 2 T x M, and class C ∞ over Λ 2 T x M\ {σ 0 }, thus L 2 is homogeneous of degree 2 and of class Λ 2 T x M and of class C ∞ over Λ 2 T x M \ {σ 0 }. For L is nondegenerate, this leads to the convexity. It's easy to check that
is a basis of T y S x and e 3 = y = y α ′ β ′ ∂ ∂y αβ , we denote by (z 1 , z 2 , z 3 ) the coordinates in basis (e 1 , e 2 , e 3 ), we have
In particular L is nondegenerate if and only if rank d ∂L ∂y
We have the following statement: If L is nondegenerate, then, the image of the Legendre transform,
Proof. For x in M, we define by
First we show that N x is a surface in Λ 2 T * x M, to simplify notations, we denote L(x, y) = L(y). Note
S x is a submanifold embedding, in fact, ∀y ∈ S we have y αβ ∂L
is the same as that of S x , because for every half-line,
We show that ∂L ∂y αβ (S) a manifold embedding and convex. For L 2 is a strictly convex function, thus the Legendre transform
We have P 0 , P ′ 0 ∈ ∂L ∂y αβ (B x ) so there exist y 0 , y ′ 0 ∈ B x such that P 0 = ∂L ∂y αβ (y 0 ) and
and since L homogeneous of degree one, thus, ∀y ∈ Λ 2 T x M\{σ 0 } it exists an unique λ > 0 such as
, which shows the convexity of ∂L ∂y αβ (B x ) thus ∂B x = S x is a convex surface .
Application
Let the 2-form θ = p 12
We have θ is a multisymplectic form on Λ 2 T * M, and dθ| N is a pre-multisymplectic form. 
where Γ := ∂L ∂y (T Σ) ⊂ N . Proof. Easily we can see that
Comparison with graphs
Let M = R 2 × R and Σ be the graph of a smooth function f : R 2 → R.
For (x, y) = (x 1 , x 2 , f (x 1 , x 2 )) ∈ Σ, the tangent bundle T (x,y) Σ is generated by
We have
Denote y 12 = 1, y 23 = − ∂f ∂x 1 and y 31 = − ∂f ∂x 2 . Let F (x 1 , x 2 , f, df ) be a Lagrangian density such that the action over an infinitesimal square dx 1 ∧dx 2 is F (x 1 , x 2 , f, df )dx 1 ∧ dx 2 . Then there exist a 2-form areolar action ℓ, such that for any surface Σ ⊂ R 3 , we have
Indeed, if (e 1 , e 2 ) is a basis of R 2 and (u 1 , u 2 ) is a basis of T x Σ, then the infinitesimal action of F on the parallelogram generated by (e 1 , e 2 ) is
If we want
then, we have
Since, 2 Formulation of the problem with a smooth submanifold of dimension p Let M be a smooth manifold of dimension n ∈ N * , for all x = (x 1 , ..., x n ) ∈ M and p < n, then a basis of
Definition 2.1. For all x ∈ M, we define the Grassmannian bundle by:
Then the homogeneous coordinates on the Grassmannian bundle over M of dimension p < n, are (x 1 , ..., x n ; [y ı 1 ...ıp ] 1≤ı 1 <...<ıp≤n ) thus,
Lagrangian formulation
where ℓ ı 1 ...ıp are homogenous of degree 0 in y over ]0, +∞[. 2 The element is a vector subspace of TxM.
2. L is homogenous of degree 1 in y on ]0, +∞[.
Let (θ 1 , ..., θ p ) be the dual basis of (u 1 , ..., u p ), we define
If we have ℓ ı 1 ...ıp = ∂L ∂y ı 1 ...ıp with 1 ≤ ı 1 < ... < ı p ≤ n, then for the Euler formula we have 1≤ı 1 <...<ıp≤n ∂L ∂y
Let L be a Lagrangian, thus we can write the action (4), Proof. Same proof of (1.11).
On Λ p T * M, we define the p-form θ by
Remark 2.8. θ is a multisymplectic form on Λ P D T * M and dθ| I is a premultisymplectic form. 
Proof. See proof of (1.13).
Comparison with graphs
We will take M = R p × R n−p and Γ the graph of smooth function f :
, in a neighberhood of a point x = (x 1 , ..., x p , f 1 , . .., f n−p ) ∈ Γ the tangent bundle T x Γ is generated by
. . .
. . . , (e 1 , . .., e p , e p+1 , ..., e n ) is a basis of R n × R n−p and (u 1 , ..., u p ) a basis of T x Γ. If F (x 1 , ..., x p , f 1 , . .., f n−p , ∇f ) is a Lagrangian density, then its infinitesimal action over the parallelepiped generated by (e 1 , ..., e p ) is F (x 1 , ..., x p , f 1 , ..., f n−p , ∇f )dx 1 ∧ ... ∧ dx p (e 1 , ..., e p ) = F (x 1 , ..., x p , f 1 , ..., f n−p , ∇f )dx 1 ∧...∧dx p (u 1 , ..., u p ) = F (x 1 , ..., x p , f 1 , ..., f n−p , ∇f )y 
